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A Pulse Wave function of transcriptional activity

A gene of class x € {HOC,LOC} is transcribed to an mRNA with abundance R
(molecules/cell) and the mRNA is translated to a protein with abundance Px:

HOC or LOC
phase duration transcription translation
— M k pl
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protein Tosc M+ 5R n+ (5p
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oscillation period growth + degradation

with the temporal constraint Tugc + Tioc = Tosc-



Gene Expression - ODE Model

A gene of class x € {HOC,LOC} is transcribed to an mRNA with abundance R
(molecules/cell) and the mRNA is translated to a protein with abundance Px:

Rx =k— (,U/—’_(SR)RX
P = plRc — (1 + 6p)Px
where k is the transcription rate, p is the number of translating ribosomes on the

mRNA, £ is the translation rate per ribosome, dr/p are the degradation rates,
and p is the growth rate.



A Pulse Wave function of transcriptional activity

A gene of class x € {HOC,LOC} is transcribed to an mRNA with abundance R
(molecules/cell) and the mRNA is translated to a protein with abundance Px:

Re = () — (1 + 6r)R.
Px:péRx_(,u"_(;P)Px

Kx(t) = dxk + 2k Z (; sin (mnéx) cos(nwt))
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where the duty cycle ¢x = T:; is the fraction of time where transcription is in
the on state.

INOTE: difference of two sawtooth waves is used for numerical solutions.



Pulse Width Modulation: analytic solutions
Transcription with periodic on/off states:

R = k(t) — (1 + %) R(1)
K(t) = ok + g(2)

R(t) = /Ot R(s)ds,

where ¢k is a constant scaling ¢ = [0, 1] of the transcription rate k, and g(t) is a
periodic function with [ g(s)ds =0, e.g.:

a simple sine wave: x(t) = k + Asin (wt)
[e)
any periodic function: x(t) = k + Z (an cos(nws) + by sin(nws))

n=1

2k K (1
a pulse wave function: k(t) = ¢k + — Z <7 sin (wne) cos(nwt))
™ n

n=1



Pulse Width Modulation: Analytic Solutions

Transcription with periodic on/off states:
R = k(t) — (u + 0r) R(t)
K(t) = ok + g(2)

R(t) = /Ot R(s)ds,

where ¢k is a constant scaling ¢ = [0, 1] of the transcription rate k, and g(t) is a
periodic function with [ g(s)ds = 0.

Stable oscillations at t > 0:

Ar = max(R(t)) — min(R(t))

. and the same for protein: P(t), (P), and Ap,
and additionally the phase delay A8 = 0p — Or.



Analytic Solution: general solution

R is an inhomogenous linear first order differential equation. We can use the
Variation of Constants methods to solve for R(t):

R =x(t) — 1R(2)
R(t) =™ "¢ (R(O) + /Ot e k(s) ds)
with k(t) = ¢k + g(t) :
R(t) =™ "¢ (R(O) + /Ot e pkds + /Ot e g(s) ds>
R(t) e <R(0) +Ee-nZy | "eg(s) ds>

R(t) e "*R(0) + (1 — e—“)%

ot
—|—e_“’t/ e’g(s)ds
0
t
R(t) =e "*R(0) + (1 — eﬂf)%" + / e’"Yg(s)ds
JO

Problem: [ g(t)dt =0 butis [ """ g(t)dt also 07



Analytic Solution: general solution

R is an inhomogenous linear first order differential equation. We can use the
Variation of Constants methods to solve for R(t):

R =x(t) — 1R(2)
R(t) =™ "¢ (R(O) + /Ot e k(s) ds)
with k(t) = ¢k + g(t) :
R(t) =™ "¢ (R(O) + /Ot e pkds + /Ot e g(s) ds>
R(t) e <R(0) +Ee-nZy | "eg(s) ds>

R(t) e "*R(0) + (1 — e—“)%

ot
—|—e_“’t/ e’g(s)ds
0
—t —t ¢k ‘ Y(s—t)
R(t)=e "R(0)+ (1 —¢e" )7 + [ e g(s)ds
Jo

Stable oscillations at t > 0: e 7t — 0.



Analytic Solution: pulse wave function

R(t) =e~"'R(0) + (1 — e"*t)ﬂ + /t "=t g(s)ds
0
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Analytic Solution: pulse wave function with phase 6

R(t) =e~7*R(0) + (1 e*vf)% + / {1 g(s) ds
0

g(t) = 2k Z (% sin (wn¢) cos (n(wt — 9))>

4 n=1

=e 7t —e_"hﬂ %OO lsin ™n te(s_t)cos n(ws — s
RO = RO + (1o 9%+ 25 (Lan(rne) [0 0 cos (s — ) as)
~ycos(n(wt — 0)) + nwsin(n(wt — 0)) — e~ 7t (y cos(nh) — nwsin(nd))

1(t,0) =
(t,0) ~2 + n2uw?

Model two alternating states with 6 = 7
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Analytic Solution: pulse wave function with phase 6

™ n

R(H) = e TR0 + (1 — e 1) 2K 2SS (E sin (mng) e It 9))
Yy

n=1

~ cos(nwt) + nw sin(nwt) — ve~ 7t
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Analytic Solution: smoothed pulse wave function

R(t) =e"'R(0) + (1 — e"’t)ﬂ + /t et g(s)ds
0

')

g(t) = 27r > <7 sin (mng) e cos(nwt))

n=1
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Average Abundance: general solution

For stable oscillations at t > 0: e~ 7t — 0, and the general solution to our differential
equation simplifies to:

R(t) = +/ eV(s— t s)ds

(R) :;/0 (% +./0 e”’(s_t)g(s)ds> dt

The Fourier series can represent any periodic function g(t), incl. pulse waves:

r(t) = /Ot =1 i (an cos(nws) + by sin(nws)) ds

n=1
sl t t
r(t) = Z (an/ =1 cos(nws) ds + b,,/ eVs=1) sin(nws)ds)
n=1 0 o

x(t) = /t &7 0 cos(ws) ds
0
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Average Abundance: detailed solution for cos

¢
x(t) :/ e~ cos(ws) ds
0

¢
x(t) :e’"’t/ €7° cos(ws) ds
0
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Amplitudes: On/Off

Ren(t) =R(0)e ™" + f (1— e )

Ror(t) =R(1x)e "

R(7x) =R(0)e™ "™ + S (1—e ™)
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Amplitudes: On/Off
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Amplitudes: On/Off
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Protein

P =CpR(t) — 7,P(t)

P(t) =e 7" (P(O) +4p /O t e R(s) ds)
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Current implementation: just integrate calculated R(t) via trapezoid rule.



Average Abundance (P)

For stable oscillations at t > 0: e~ 7t — 0, and the general solution to our differential
equation simplifies to:

R(t) =2% ¢ / t et g(s)ds
0

ot
P(t) :ed’"tfp/ e R(s)ds
Jo

t
P(t) :ép/ e IR(s)ds
0

t ¢k t ot ’
P(t) ZEP/ ewp(sft)T ds+/lp / e (/ e’ g(u) du) ds
0 Jo Jo

P(t) :%k%(l —e P+ I(t)
(py =2kl

Y Ve

TODO: Fix this and reason whether the most general proof above, for a general
Fourier series, suffices?



Protein: full analytic solution

P(t) =e~P* <P(0) +Lp /‘t e"P°R(s) ds)
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TODO: check and implement this analytic solution; find expressions for protein
amplitude Ap,_, and phase delay A8 = 0p — Or.



Yeast Oscillation Frequency vs Growth Rate

oxk £p
(P =222
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Tx k pl
Tosc =

(Px) 1+ 0r p 4 dp

To maintain a stable protein abundance (Px) at different growth rates with otherwise
unchanged parameters, we require the duty cycle ¢ = :—X to increase with growth rate
0S¢

to compensate for the dilution by growth. For example, we can consider ribosome

abundance, as approximated by the life cycle of an average ribosomal protein,
B~ <PRP>-

The phase of yeast respiratory oscillations where ribosomal proteins are transcribed
(HOC) is approximately constant (for given strain and conditions), with
Taoc = 0.5h to 1.5h, thus the total period Tosc must vary:

period Tosc/h
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Yeast Oscillation Frequency vs Growth Rate
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B p+drp+dp

Tosc =

. B

77—hockp£
f=(p+0r)(k+p)S
f =(udr + 0rp)S

S

!

frequency/h”"
2.0

- 2 (p+8R)(u+ 8p)P/ (tkpl)

f=(p® + pér)S - - 5%(pfs,§3{(ixkp;; e
_ ~ +68r)P/(tkpl
f=pdrS 9T e

0.0

0 02 04 06_08 10
growth rate/h

Conditions 0 > p > dp:
RNAs are very short lived (half-live &~ 25 min), and the transcription term (u + dr) is

dominated by degradation. In contrast, protein half-lives (median 9 h) are comparable
to or higher than growth rates (doubling times 1-10 h).



Yeast Oscillation Frequency vs Growth Rate
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"B A+ OR p+dp
©
.
By + B -
517 1 < 4
Thockpé §
f=(u+R) (1 +0p)S £ e
f =(udgr + 6rp)S s |
FoGEptR)S
f =udrS
o

00 02 04 06 _
growth rate/h

Accounting for linearly increasing ribosome concentration leads
to a cubic dependence of frequency on growth rate.
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Constraints

We can use additional constraints to calculate periods that must be realized to
achieve a certain ribosome concentration:

» A maximal period Tmax at u = O reflects the compensation for
(protein/ribosome) degradation alone’,
» A minimal period is reached at the maximal or the critical dilution rate,

Troc — 0 and Tmin — Tuoc at e

I _Thoc k pf
“7 B p+0orp+p
_ Thoc 5&5
Tmax — B or op
k ol

"7 s+ Or i + op

Note: Tugc is not necessarily constant, this is just an approximate observation
from the data. For example, during the short period oscillations in IFO 0233,
close to its uf, the HOC and LOC phases appear contracted.

! Calabrese et al. (2022): Protein degradation sets the fraction of active ribosomes at vanishing growth.
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Translation Pulses
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Translation Pulses

Tx k THOC
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Outlook

» Couple equations to a coarse-grained metabolic model to account for the
core auto-catalysis of life, ribosomes making more ribosomes.

dX

dt Temporal constraints on the synthesis p.. ¢,

ds of macro-molecular machinery:
i B(Sin — S) = (Ha + pe)X

0.
roton
datp (n . _ )& B Cp 1 TN gxportT
dt = cHc alla Hm V. Mali P ATP \

= (na — $)X

ggest bicarbonate (HCng)
buffering as feedforward gate:

MET

+ mass
adp = ator — atp 1 CO, *H PH
: ATP
where p, = f( RP, ) .
o repair & | self-
e = f( s/c), RP + . <«CO HCO; + H*—»>
s/C¢ < X, and transcription recycle assembly aer. Nzcﬁo3 3

depends on an ATP-dependent toggle
switch.

axiomatic modeling strategy



Summary and todos

1. Analytic solutions for both R(t) and P(t):
» P(t) uses manually integrated R(t).
2. Derivation of average abundance:
» Missing: proof for average protein abundance.
3. Derivation of amplitude:
» Only valid for on/off transcription function.
» Wrong for 7o > %?
4. Phases:
» Missing: phase difference between RNA and protein peaks.



Summary and todos

1. Analytic solutions for both R(t) and P(t):
» P(t) uses manually integrated R(t).
2. Derivation of average abundance:
» Missing: proof for average protein abundance.
3. Derivation of amplitude:
» Only valid for on/off transcription function.
» Wrong for 7o > ‘”%?
4. Phases: ‘
» Missing: phase difference between RNA and protein peaks.

But why?

1. Can oscillation periods explain growth-related resource allocation?

2. Is a global binary transcription state (on/off) enough to explain the
observed temporal program of transcript abundances?

3. Can we infer periodic on/off expression programs from single cell snap shot
data of asynchronous cultures?



APPENDIX

1. Average abundance for pulse wave,
2. Average abundance for on/off assumption,
3. Amplitudes: analytic solution.



Average Abundance: pulse wave at t > 0

N
R(t) = e 7'R(0) + (1 — e‘”t)% + 2k Z (1 sin (wno) I(t, 9))
¥y o om i \n
I(t,6) = v cos(n(wt — 0)) + nw sin(n(wt2—+9r)72u;e—wt (7 cos(nb) — nw sin(nf))

1. Ignore phase:
» 0 =0 = cos(0) =1 and sin(0) = 0.



Average Abundance: pulse wave at t > 0

R(t)=e ""R(0) + (1 —e" ﬂ % Z (7 sin (mn¢) I(t))

_ ycos(nwt) + nw sin(nwt) —e 7’“,

,),2 + n2w?2

1. Ignore phase:
> 0§ =0 = cos(0) =1 and sin(0) = 0.

2. Stable oscillations far from initial transients:
> t>0=e"" =0



Average Abundance: pulse wave at t > 0

ok 2k L /1
R(t) = — + — —sin (wne) I(t, 0
(= 2425 (Fanmo) 160

v cos(nwt) + nw sin(nwt)

I(t,0) = S

1. lIgnore phase:
» 0 =0 = cos(0) =1 and sin(0) = 0.

2. Stable oscillations far from initial transients:
> t>0=¢e " =0



Average Abundance: pulse wave at t > 0

N ‘0 fr el y
R(t) :% | % Z <717 sin (nm) Y cos(nwt) + nw SIH(IVWf))

~2 2,2
Y n—1 y< + ncw

» Valid for stable oscillations, i.e., akin to a steady state solution?



Average Abundance: pulse wave at t > 0
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Average Abundance: On/Off
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R(0) =R(7) = R(rx)e~"("=™) = periodicity condition
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Amplitudes: Analytic Solution

> Agr = max(R(t)) — min(R (t))
> max(R(t)) at dR =0 and d R <0,

> min(R(t)) at dR =0and fh'j > 0:

dR
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dt
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TODO: >0and <0



Amplitudes: Analytic Solution

Note: the relative amplitude is independent of the transcription rate:

~  Ag
Ar =-—¢

(R)
G Kloe Ty (oK)
A Sy l—e7 (1 © ) 0%
i _l-e yr(6-1)Y 41
AR_l—e*WT (l—e )¢

. and just depends on degradation rate, period and duty cycle.

Liick et al. (2014) relative amplitude for sine-wave production amplitude (Ag):

~ Av v

Ap = Ap—/——.
P R it ot
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