The Evolution of Diversity

in Replicator Networks

Robert Happel^a and Peter F. Stadler^{a,b,∗}

aInstitut für Theoretische Chemie, Universität Wien, Austria

bThe Santa Fe Institute, Santa Fe, New Mexico, U.S.A.

∗Mailing Address: Peter F. Stadler Inst. f. Theoretische Chemie, Universität Wien Währingerstr. 17, A-1090 Wien, Austria Phone: **43 1 40480 665 Fax: **43 1 40480 660 E-Mail: studla@tbi.univie.ac.at or stadler@santafe.edu

Abstract

Novel species are introduced into a network of interacting replicators either (i) as mutants of members of the network or (ii) as unrelated immigrants. We consider the meta-population dynamics of such a system. In the first case the appearance of mutants leads to a slow growth of the replicator network, proportional to the logarithm of the number of mutation events. Surprisingly, replicator evolved by mutant incorporation are always permanent, despite the fact that permanence is in general a very rare phenomenon. In the second case, on the other hands, immigrants lead to frequent break-downs of the entire network and hence to complete extinction. In both cases individual species are short-lived, the distribution of survival times is exponential.

Keywords

Replicator Equation — Meta-population Dynamics — Mutation — Immigration — Permanence

1. Introduction

Self-replication on molecular level is the crucial “invention” for the origin and maintainance of life. One of the central questions in any theory of molecular evolution concerns the evolution of a collection of competing (or otherwise interacting) species of replicators I_1, . . . , I_n. There is a well developed theory for the most simple reaction scheme I + E → 2I + E , (Q) namely the theory of the molecular quasi-species (Eigen, 1971; Eigen et al., 1988; McCaskill, 1984). Here the enzyme (protein) E is part of the environment provided by the experimentalist. This framework has been very successful in describing the evolution of RNA viruses (Eigen et al., 1988).

Nowadays, most experts agree that RNA, or an RNA-like precursor, was the first replicator in the history of life (Eigen et al., 1981; White, 1976). In fact, the discovery of catalytically active RNAs (Cech, 1986; Cech, 1988; Guerrier-Takada & Altman, 1984; Westheimer, 1986) and in particular the discovery of ribozymes with RNA-replicase-like properties (Been & Cech, 1988; Ekland & Szostak, 1996; Hager et al., 1996) make this assumption very persuasive. In its most condensed form the logics of an RNA world is captured in the autocatalytic reaction network I_k + I_l −→ 2I_k + I_l k, l = 1, . . . , n. (A)

– 1 –

A wealth of knowledge on this model has accumulated over the last two decades beginning with a theory of the hyper-cycle model (Eigen & Schuster, 1977; Eigen & Schuster, 1978a; Eigen & Schuster, 1979). The associated dynamical system is the second order replicator equation (Schuster & Sigmund, 1983)

ẋ_k = x_k n∑ j=1 a_{kj}x_j − ∑ i,j a_{ij}x_ix_j . (1)

It is based on the chemical reaction scheme (A) and the assumption of constant organization, that is, the conservation of the total amount of replicators. The variables x_k are relative concentrations of replicating the species I_k. Originally developed as a model of prebiotic evolution replicator equations have been encountered since then in many different fields: populations genetics, mathematical ecology (where they occur disguised as Lotka-Volterra equations (Hofbauer, 1981)), economics, or laser physics. Their properties have been the subject of hundreds of research papers by many research groups. The results of the first decade of investigation are compiled in the book (Hofbauer & Sigmund, 1988). Although successful attempts have been made to include mutation, see for example (Biebricher et al., 1991; Stadler & Schuster, 1992; Happel & Stadler, 1996), no new species are introduced externally in these models, which consider the population dynamics of a fixed replicator network with sloppy replication rather than the evolution of replicator networks.

In this contribution we adopt a different point of view. Instead of concentrating on the population dynamics of a replicator network we shall study its reaction to the introduction of a new species. While this “opens” our model allowing for a variable number of species, we still enforce the “constant organization” constraint at the level of concentrations. In technical terms, we change the dimensionality of the matrix A in equ.(1) while retaining the form of the replicator equation. Our main focus will be the evolution of diversity in such replicator networks, in particular, the evolution of the number of species.

The catalytic hyper-cycle (Eigen & Schuster, 1977; Eigen & Schuster, 1978a; Eigen & Schuster, 1978b) was introduced as a possibility to overcome the restrictions on the amount of genetic information that can be inherited by non-autocatalytic replication schemes (Eigen, 1971). Soon it was discovered, however, that hyper-cycles are vulnerable to parasites. In addition, the fraction of replicator networks that is hyper-cycle-like in the sense that it guarantees the permanent coexistence of all its

– 2 – members (in a population dynamics sense) decreases exponentially with the number n of coexisting species (Stadler & Happel, 1993). Even though large networks are rare, they might still be an (almost) unavoidable outcome of evolution.

May and Nowak (May & Nowak, 1994) analyzed the evolution of a simple Lotka- Volterra type model of super-infection in host-parasite associations (Nowak & May, 1994). Interestingly, the same type of equations was obtained by Tilman (Tilman, 1994) in a study on competition and biodiversity in spatially structured habitats. The total number of species in their system slowly increases, n(τ) ∼ c ln τ, where τ is the number of mutation events. Their super-infection model, however, models parasite species by only two parameters: virulence and transmission efficiency, while the host is merely viewed as a substrate and does not evolve at all. More recently May and Nowak (May & Nowak, 1995) found a square root law n(τ) ∼ √ τ in coinfection model that neglects competition of different parasites within the same host. It is by no means clear that a less restricted types of replicator network will show a similar increase of diversity. In this contribution we simulate the metapopulation dynamics of autocatalytic networks using two extremal mechanisms: (i) mutation of one of the members of the network and (ii) immigration of a completely unrelated species.

The first case leads to slow growth of the number of species, and surprisingly to the selection of permanent networks. Immigration, on the other hand leads to frequent catastrophic extinction events that preclude a long term growth of the number of surviving species. The long-time behavior of the meta-population dynamics thus depends crucially on the mechanism by which new species are introduced into the system.

– 3 –

2. The Evolution of Replicator Networks

2.1. Mutants and Immigrants

We start with a 2-species network with randomly chosen interaction matrix A. (A 1-species replicator equation is trivial, since x_1 = 1 and ẋ_1 = 0. Without loosing generality we may assume that the diagonal entries of A are zero since the addition of a constant to each column does not affect the dynamics (Hofbauer & Sigmund, 1988). The replicator equation is integrated^1 until the trajectory has reached its ω-limit. A novel species is introduced into the existing network by extending A with an extra row r and an extra column c: A −→ ( A c r 0 ) . (2)

The coefficients collected in r and c describe how the new member interacts with the existing species. The extended interaction matrix is again in “normal form”, i.e., all diagonal elements of the matrix A are 0. The next step is a perturbation in the concentrations of the existing species. We set x_k → x_k − δ/n and x_{n+1} = δ. Again we integrate the differential equation until the trajectory x(t) has reached its ω-limit^2. If the concentration x_k of a species becomes 0, i.e., if it falls below a very small threshold, the corresponding row and column is removed from the interaction matrix.

This scheme assumes that the time intervals between mutations or immigration events are much longer than the time scale of the population dynamics itself. Numerical experiments suggest that if the time between two perturbations of the dynamical system is not long enough to reach equilibrium, then the number of species will rapidly grow, since the time for extinction is not sufficient before the next new species appears. The number of species will increase almost linearly for some time until the system collapses and only a very small number of species

1All programs were written in C. Several subroutines from the public-domain libraries ODEpack,

LAPACK and LINPACK were used.

2The ω − limit of a trajectory with initial condition x(0) is the set of its accumulation points. It depends on the initial conditions and describes the long time behavior of the dynamics. The ω-limit of a trajectory is in most cases a fixed point, a periodic limit cycle, a strange attractor, or a heteroclinic cycle.

– 4 – survives. Then the process repeats. The long term behavior of the model is determined in this case by the after-collapse networks. They seem to conform the rare perturbation scenario, hence only the latter was investigated in detail.

The properties of the newly introduced species are determined by the vectors r and c. We may distinguish immigrants and mutants:

• An immigrant is a species that has random interactions with all species in the existing network. Hence we randomly generate a row r and a column c to the interaction matrix A. A parameter ϵ determines the size of the entries relative to the entries in A.

• A mutant is obtained by randomly choosing a species from the network and by modifying it in such a way that the novel species interacts in a similar way with the rest of the network.

More precisely, we choose r_i = a_{pi} + ϵ_i and s_j = a_{jp} + ϵ_j where the ϵ’s are independent, identically distributed (i.i.d.) random variables with mean 0. The elements of A are “inherited” from the previous iteration. We shall see below that the survival times of individual species are short, hence the initial conditions are soon wiped out in a simulation run.

2.2. The Probability of Invasion

Replicator equations “live” on a simplex S_n. A face of this simplex characterized by the set K of extinct species, i.e., k ∈ K if and only if x_k = 0. We shall sometimes write x^K in order to emphasize that x lies in the interior of k-face. An eigenvalue of the Jacobian of a fixed point x̂^K is transversal if the corresponding eigenvector points into the interior of S_n. For second order replicator equations these eigenvalues can be computed explicitly (Hofbauer, 1986):

λ_k(x̂^K ) = [Ax̂^K ]_k − (x̂^K Ax̂^K ) if k ∈ K (3)

The new species can invade the existing network at least temporarily if its concentration x_{n+1}(t) grows, that is, if ẋ_{n+1}(0) > 0, where 0 denotes the time of the mutation or immigration event. This condition is satisfied if and only if the transversal eigenvalue λ_{n+1}(x) is positive. If the network was in an equilibrium before the invasion, then x is the interior rest point x̂ of this network. Otherwise x is a point in an ω-limit that is contained in the interior of the simplex S_n. The time

– 5 –

Figure 1: Evolution of the mean fitness (flux) Φ.

(a) The average fitness increases with repeated mutations. Note the this increase is a strong trend but it is not strictly monotonous.

(b) The average fitness does not increase in the immigration model due to frequent breakdowns of the system, in which all but one species disappear. The mean fitness is reset to Φ = 0 at such catastrophic events.

average of any trajectory within such an ω-limit is again the interior equilibrium x̂ (Hofbauer & Sigmund, 1988). We may therefore use λ_{n+1}(x̂), where x̂ is the interior rest point of the old network.

Theorem. If a new species is introduced by mutation into an equilibrated second order replicator network, the probability of invasion is independent of the of the old species.

Proof. For the relevant transversal eigenvalue we have

λ_{n+1} = (Ax̂)_{n+1} − ⟨x̂, Ax̂⟩ = n∑ j=1 ϵ_jx̂_j + n∑ j=1 a_{kj}x̂_j − n∑ l,m=1 a_{lm}x̂_lx̂_m =0 = n∑ j=1 ϵ_jx̂_j .

The second term vanishes since x̂ is an equilibrium. Since the ϵ_j are i.i.d. with

– 6 –

Figure 2: Mutation model: The probability that a species invading a network of n species kills a certain number of old ones. Different numbers of extinct species are indicated by different symbols. An open circle, ∘, denotes the fraction of mutation events that enlarge the network.

mean 0, the expected value of λ_{n+1}(x̂) = 0 and thus λ_{n+1}(x̂) > 0 with probability 0.5 independent of A.

The distribution of ϵ_j ’s in mutants that are eventually incorporated into the network will therefore be biased to have a positive expectation value. Thus the equilibrium flux Φ = ∑ ij a_{ij}x̂_ix̂_j should on average increase with time. Figure 2a shows that this is indeed the case.

In the case of immigration the situation is different. Since r and c are now completely unrelated to the entries in the old interaction matrix we find

λ_{n+1} = n∑ j r_jx̂_j − n∑ l,m a_{lm}x̂_lx̂_m = n∑ j x̂_j (r_j − a_{kj} ) (4)

for some k ≤ n. Here we used (Ax̂)_k = (x̂Ax̂). The probability of invasion will therefore depend on the structure of the existing network.

Invasion is only a short-time effect. We are more interested in the long-time effects mutant or immigrant intrusion. What is the effect of an invader, be it a mutant

– 7 – or an immigrant? Three scenarios are possible: The intruder is incorporated into the network (which then grows from size n to size n + 1), it may be expelled from the system after some time, or it may causes the extinction of one or more of the previously coexisting species. All three scenarios occur with both mutants and immigrants, although with vastly different probabilities.

The probability distributions of different types of the size-changes of the evolving networks are summarized in figure 2 for mutation. The probability of integration of a mutant and the probability of replacement of a single species decrease slowly with the size of the system. Large changes in the size of the system, however, become much more likely with increasing network size. Indeed the most likely changes reduce the number of species to the average value of 5 or 6 survivors. The situation is very different in the immigration case: a substantial fraction of immigrants wipes out the entire network, see figure 1.

2.3. The Evolution of Diversity

In the immigration model we repeatedly encounter catastrophic events that wipe out the entire network. The number of interacting species fluctuates between 1 and 4 most of the time. The average value soon settles down at about 2.72. Since a reduction n(τ) to 1 is equivalent to a restarting the entire simulation there is no slow growth of the expected number of species with τ, see also figure 1b.

In the mutation case we observe a transient phase of a few thousand events in which the average number of species increases to an average of about 5 to 6. A close inspection shows that after the first 10^5 mutation events the average number of species increases by about 0.22 during the next 10^6 cycles. The logarithmic plot in figure 3 shows that the data are consistent with a logarithmic increase in the number of species. We find n(t) ∼ 0.065 ln τ. This results parallels the result in (May & Nowak, 1994) for the super-infection model, except that the slope is much smaller in the case of general replicator equations.

We conclude that an increase in diversity is a generic feature of evolving replicator networks, not a property of a particular network organization. On the other hand, it depends crucial on the correlation between pre-existing species and intruder: only mutants of established network members lead to long-term growth, while unrelated immigrant species will eventually kill the replicator network.

– 8 –

Figure 3: Evolution of diversity by mutation. The graph shows the average number of species after τ events averaged over 10 to 20 independent simulations. The full line is a running average (window size 100 events), the dashed line is least square fit. The data are consistent with n(τ) ∼ 0.065 ln τ.

The distribution of the number of living species settles down to an approximately stationary distribution in the mutation model, except for the very slow increase of the mean discussed above. The l.h.s. of figure 4 shows the distribution of network sizes (after the transient period). It is independent of the size of the mutations. In the immigration case we observe a significant dependence on the average strength ϵ of the interactions of the immigrating species relative to the average strength of the interactions within the invaded network. We find an increased number of large networks (with up to 9 species) for ϵ < 1, see the r.h.s. of figure 4. The average number of species does not strongly depend on ϵ, however.

2.4. The Evolution of Permanence

Few dynamical systems allow a complete analytical treatment. In any event, one often is not interested in all details of a dynamical system or in the structure of its ω-limit sets, so that less detailed knowledge may well be sufficient. In the context of this study the most important question is: Can all species coexist in the system

– 9 –

Figure 4: The Probability to find a given number of living species after a randomly chosen cycle.

l.h.s.: Mutation case. Small networks with less than 3 species appear only in the initial phase of a simulation. After about 50000 cycle the distribution does not change significantly (the rightmost curve show the distribution after 106 cycles). r.h.s.: Immigration case. The probability depends on the size of the entries in the row r. A value of ϵ = 1 means that the interactions of the new species with the old network are of the same strength as the average interaction within the old network. We show distributions for 0.7 < ϵ < 2.0.

for arbitrarily long time, or will some species die out in the long run? Schuster et al. (1979) introduced the notion of permanence, or permanent coexistence, to formalize this question. A variety of related notions of cooperation, the first of which is now called weak persistence (Freedman & Waltman, 1977), have been proposed by various authors. For an overview see (Freedman & Moson, 1990; Hutson & Schmitt, 1992).

By construction, all species survive for infinitely long time in “equilibrated” replicator networks. Permanence, however, is a much stronger concept. It implies that the boundary of the simplex S_n is a repellor, that is, survival is guaranteed under small perturbations and independent of initial conditions. Formally, permanence is defined as follows, see e.g., (Schuster et al., 1979; Hofbauer & Sigmund, 1987): Let S be a closed subset of IR^n and let f : S → IR^n be such that the solutions x(t) ∈ S of the initial value problem ẋ = f(x), x(0) = x_0 is unique and defined for all t ≥ 0. This dynamical system is called permanent, if all orbits are uniformly bounded and there is a compact set C entirely contained in the interior of S, such that for all x ∈ int S holds ω(x) ∈ C.

– 10 –

In general it is not easy to check whether a given dynamical system is permanent. So far, there is only one necessary and sufficient condition for permanence, namely the existence of a so-called average Lyapunov function (Hofbauer, 1991; Hutson, 1984; Hutson, 1988). As a consequence of Brower’s fixed point theorem permanence implies the existence of an equilibrium point in the interior of S (Hutson & Vickers, 1983). A rest point x̂^K is called saturated (Hofbauer, 1986) if all its transversal eigenvalues are non-positive. A permanent catalytic network has no saturated equilibria at the boundary. Jansen (Jansen, 1986) showed that a second order replicator equation is permanent if there is a vector p ∈ int S_n such that for all isolated rest points x̂^K on the boundary of S_n holds ∑ j∈K p_j · λ_j (x̂^K ) > 0 . (5)

In the same paper he describes a linear programming algorithm that can be used to test whether such a vector p exists.

Cooperative behavior and in particular permanence have been shown to be rather rare events in random networks: the probability of permanence is smaller than 4^{−n} if i.i.d. coupling constants a_{ij} are assumed (Stadler & Happel, 1993). We have also estimated the probability that a randomly generated permanent network incorporates an additional species such that the resulting network is again permanent. These incorporation frequencies decrease also exponentially with the size of the catalytic network. In fact, the chance to reach large permanent networks by stepwise incorporation of random “invaders” is orders of magnitudes smaller than the chance that a randomly assembled network is permanent.

This picture changes dramatically for the evolved replicator networks. We have tested roughly 10^6 interaction matrices sampled from mutation using Jansen’s (Jansen, 1986) linear programming algorithm as a sufficient condition for permanence. The computer code for the linear programming was taken from the NAG-package. The result was surprising: Every single tested interaction matrix was permanent. The formation of dynamically stable coexistence thus seems to be a by-product of the slow evolution of the replicator networks through iterated incorporation of mutants.

– 11 –

2.5. Survival Times

Besides the number of living species, the survival “time” of a species in an evolving replicator network is of interest. We define the survival time as the number of invasion attempts that a network suffers between the creation of species and its extinction. Figure 5 shows that most species are short-lived. Some species, however, manage to survive hundreds of cycles. The data show exponentially decreasing tails.

Figure 5: Probability of a species to survive a certain number of cycles.

L.h.s.: Dependence of the survival time on the interaction strength ϵ in the immigration model.

R.h.s.: Comparison of mutation model and immigration model with ϵ = 1.

Again we find that the survival times in the mutation model are independent of the size of the mutations. In the immigration model, on the other hand, the interaction strength is of crucial importance.

– 12 –

3. Discussion

The perturbation of a given catalytic network can occur in two different ways: immigration and mutation. An immigrant is a species that is unrelated to the species in the network. Hence we model its interaction with the network species using i.i.d. randomly distributed interaction coefficient. On the other hand, a mutant is obtained from a parent-species in the networks by (slightly) perturbing its interactions with all other species. We find that the magnitude of these perturbations has no qualitative influence on the long term dynamics.

In intruder, be it a mutant or an immigrant, can cause three scenarios: (i) The intruder in incorporated into the network, which grows from size n to size n + 1. This is a rare event, and it becomes even less likely when the existing network is large already.

(ii) The frequency of the invader grows initially, but it is expelled after some time.

The size of the network remains unchanged.

(iii) The invader causes the extinction of one of the previously coexisting species.

A mutant might just replace its ancestor in the network, or it may destroy the entire network. The behavior of mutants and immigrants is significantly different in this case: mutants tend to kill only a moderate fraction of the network, in many cases they only super-seed their parent species, while immigrants often out-compete the entire network.

Since immigrants have a non-zero chance of destroying the entire network, there is no long term growth of diversity (i.e., number of species) in this case. The relative size of the interaction with the existing network is crucial for the probability of a successful invasion of the new one. If, on the average, its size is much greater than the strength of the interactions among the old species, it will dominate the average fitness term and the chance to be successful will approach fifty percent. On the other hand, if there is not much interaction (e.g. because the immigrant does not find an inhabitable ecological niche in the invaded system) the probability of invasion decreases drastically.

Mutation leads to a slow increase of diversity consistent with a logarithmic increase of the number of species with the number of mutation events. The most striking observation, however, is that the networks that are produced by this mechanism are permanent, i.e., the coexistence of the surviving species is a robust property.

– 13 –

It is insensitive to finite perturbation of their relative concentrations. We also observe an increase of the average fitness (replication rate) in these networks.

However, individual replicator species are short-lived in our model. The distribution of survival times decreases exponentially both with mutation and immigration.

While we have shown that replicator networks can evolve to form moderately large robust ecosystems by incorporating a sequence of mutants, this mechanism, however, does not solve the parasite problem that was found to haunt hyper-cycles (Eigen & Schuster, 1979) parasites (in our case unrelated invaders) may destroy a cooperative replicator network. For detailed conditions on the structure of the interaction matrix A, under which an invader is capable of destroying an otherwise permanent network see (Stadler & Schuster, 1996). The formation of spatially separated compartments still appears to be the only possibility to overcome the threat of parasitic invaders (Eigen & Schuster, 1979; Hogeweg, 1994).

Acknowledgments

Computational assistance by Aderonke Babajide and stimulating discussions with Paul Phillipson and Peter Schuster are gratefully acknowledged. This work was supported in part by the Austrian Fonds zur Förderung der Wissenschaftlichen Forschung, Proj. No. P10857-CHE.

– 14 –

References

Been, M. & Cech, T. (1988). RNA as an RNA polymerase: net elongation of an RNA primer catalyzed by the tetrahymena ribozyme. Science, 239, 1412–1416.

Biebricher, C., Eigen, M., & Gardiner, jr., W. C. (1991). Quantitative analysis of selection and mutation in self-replicating RNA. In: Biologically Inspired Physics, (Peliti, L., ed) pp. 317–337, New York: Plenum Press.

Cech, T. (1986). RNA as an enzyme. Sci.Am. 11, 76–84.

Cech, T. R. (1988). Conserved sequences and structures of group I introns : building an active site for RNA catalysis - a review. Gene, 73, 259–271.

Eigen, M. (1971). Selforganization of matter and the evolution of macromolecules. Naturwiss. 58, 465–523.

Eigen, M., Gardiner, W., Schuster, P., & Winkler-Oswatitsch, R. (1981). Der Ursprung der genetischen Information. Spekt.der Wiss. 6, 37–56.

Eigen, M., McCaskill, J., & Schuster, P. (1988). Molecular Quasi-Species. J.Phys.Chem. 92, 6881–6891.

Eigen, M. & Schuster, P. (1977). The hypercycle: A. emergence of the hypercycle. Naturwiss. 64, 541–565.

Eigen, M. & Schuster, P. (1978a). The hypercycle: B. the abstract hypercycle. Naturwiss. 65, 7–41.

Eigen, M. & Schuster, P. (1978b). The hypercycle: C. the realistic hypercycle. Naturwiss. 65, 341–369.

Eigen, M. & Schuster, P. (1979). The Hypercycle. New York, Berlin: Springer- Verlag.

Ekland, E. H. & Szostak, J. W. (1996). RNA-catalysed RNA polymerization using nucleoside triphosphates. Nature, 382, 373–376.

Freedman, H. & Moson, P. (1990). Persistence definitions and their connections. Proc.Amer.Math.Soc. 109, 1025–1033.

Freedman, H. & Waltman, P. (1977). Mathematical analysis of some three-species food-chain models. Math.Biosc. 33, 257–276.

– 15 –

Guerrier-Takada, C. & Altman, S. (1984). Catalytic activity of an RNA molecule prepared by transcription in vitro. Science, 223, 285–286.

Hager, A. J., Pollard, J. D., & Szostak, J. W. (1996). Ribozymes: aiming at RNA replication and protein synthesis. Chem. Biol. 3, 717–725.

Happel, R. & Stadler, P. F. (1996). Autocatalytic replication in a CSTR and Constant Organization. J. Math. Biol. , in press. SFI preprint 95-07-062.

Hofbauer, J. (1981). On the occurrence of limit cycles in Volterra-Lotka equations. Nonlin. Anal. 5, 1003–1007.

Hofbauer, J. (1986). Saturated equilibria, permanence, and stability for ecological systems. In: Mathematical Ecology: Proceedings on the Second Autumn Course on Mathematical Ecology, Trieste, Italy, (Hallham, T. G., Gross, L. J., & Lewin, S. A., eds) pp. 625–642, Singapore: World Scientific.

Hofbauer, J. (1991). A general cooperation theorem for hypercycles. Mh. Math, 91, 233–40.

Hofbauer, J. & Sigmund, K. (1987). Permanence for replicator equations. In: Lecture Notes Econ. Math. volume 287 pp. 131–146, Berlin, Heidelberg, New York: Springer-Verlag.

Hofbauer, J. & Sigmund, K. (1988). Dynamical Systems and the Theory of Evolution. Cambridge U.K.: Cambridge University Press.

Hogeweg, P. (1994). Multilevel Evolution: Replicators and the Evolution of Diversity. Physica D, nonlinear phenomena, 75 (1/3), 275.

Hutson, V. (1984). A theorem on average Ljapunov functions. Monatsh. Math. 98, 267–275.

Hutson, V. (1988). The stability under perturbations of repulsive sets. J. Diff. Eqns. 76, 77–90.

Hutson, V. & Schmitt, K. (1992). Permanence and the dynamics of biological systems. Math.Biosc. 111, 1–71.

Hutson, V. & Vickers, G. (1983). A criterion for permanent coexistence of species, with an application to a two-prey, one-predator system. Math. Biosc, 63, 253– 269.

– 16 –

Jansen, W. (1986). A permanence theorem for replicator and Lotka-Volterra systems. J.Math.Biol. 25, 411–422.

May, R. M. & Nowak, M. A. (1994). Superinfection, metapopulation dynamics, and the evolution of diversity. J. Theor. Biol. 170, 95–114.

May, R. M. & Nowak, M. A. (1995). Coinfection and the evolution of parasite virulence. Proc. R. Soc. London B, 261, 209–215.

McCaskill, J. (1984). A localisation threshhold for macromolecular quasispecies from continuously distributed replication rates. J. Chem .Phys. 80 (10), 5194.

Nowak, M. A. & May, R. M. (1994). Superinfection and the evolution of parasite virulence. Proc. R. Soc. London B, 255, 81–89.

Schuster, P. & Sigmund, K. (1983). Replicator dynamics. J.Theor.Biol. 100, 533–538.

Schuster, P., Sigmund, K., & Wolff, R. (1979). Dynamical systems under constant organization III: Cooperative and competitive behaviour of hypercycles. J.Diff.Eqns. 32, 357–368.

Stadler, P. F. & Happel, R. (1993). The probability of permanence. Math. Biosc. 113, 25–60.

Stadler, P. F. & Schuster, P. (1992). Mutation in autocatalytic networks - an analysis based on perturbation theory. J. Math. Biol. 30, 597–631.

Stadler, P. F. & Schuster, P. (1996). Permanence of sparse autocatalytic networks. Math. Biosc. 131, 111–134.

Tilman, D. (1994). Competition and biodiversity in spatially structured habitats. Ecology, 75, 2–16.

Westheimer, F. H. (1986). Polyribonucleic acids as enzymes (news & views). Nature, 319, 534–536.

White, H. B. (1976). Coenzymes as fossils of an earlier metabolic state. J. Mol. Evol. 7, 101–104.

– 17 –